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Mathematical Background

Algorithm Analysis: in this Mathematical Background we will review some of the basic

elements of algorithm analysis,. These include asymptotics and summations.

1. Asymptotics

Asymptotics involves O-notation (“big-Oh”) and its many relatives, , , o (“little-Oh”), .

Asymptotic notation provides us with a way to simplify the functions that arise in analyzing

algorithm running times by ignoring constant factors and concentrating on the trends for large

values of n. For example, it allows us to reason that for three algorithms with the respective

running times

Thus, the first algorithm is significantly slower for large n, while the other two are comparable,

up to a constant factor.

Here are a few facts to remember about asymptotic notation:

Ignore constant factors: Multiplicative constant factors are ignored. For example, 347n is

(n). Constant factors appearing exponents cannot be ignored. For example, 23n is not O(2n).

Focus on large n: Asymptotic analysis means that we consider trends for large values of n.

Thus, the fastest growing function of n is the only one that needs to be considered. For example,

3n2 log n + 25nlog n + (log n)7 is (n2 log n).
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Polylog, polynomial, and exponential: These are the most common functions that arise in

analyzing algorithms:

1. Polylogarithmic: Powers of log n, such as (log n)7. We will usually write this as log7 n.

2. Polynomial: Powers of n, such as n4 and n = n1/2.

3. Exponential: A constant (not 1) raised to the power n, such as 3n.

An important fact is that polylogarithmic functions are strictly asymptotically smaller than

polynomial function, which are strictly asymptotically smaller than exponential functions

(assuming the base of the exponent is bigger than 1). For example, if we let  mean

“asymptotically smaller” then

for any a, b, and c, provided that b > 0 and c > 1.

Logarithm Simplification: It is a good idea to first simplify terms involving logarithms. For

example, the following formulas are useful. Here a; b; c are constants:

Avoid using log n in exponents. The last rule above can be used to achieve this. For example,

rather than saying 3log
2

n, express this as nlog
2

3  n1.585.

Following the conventional sloppiness, I will often say O(n2), when in fact the stronger statement

(n2) holds. (This is just because it is easier to say “oh” than “theta”.)
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2. Summations

Summations naturally arise in the analysis of iterative algorithms. Also, more complex forms of

analysis, such as recurrences, are often solved by reducing them to summations. Solving a

summation means reducing it to a closed form formula, that is, one having no summations,

recurrences, integrals, or other complex operators. In algorithm design it is often not necessary to

solve a summation exactly, since an asymptotic approximation or close upper bound is usually

good enough. Here are some common summations and some tips to use in solving summations.

1. Constant Series: For integers a and b,

Notice that when b = a − 1, there are no terms in the summation (since the index is assumed to

count upwards only), and the result is 0. Be careful to check that b  a−1 before applying this

formula blindly.

2. Arithmetic Series: For n  0,

This is (n2). (The starting bound could have just as easily been set to 1 as 0.)

3. Geometric Series: Let x 1 be any constant (independent of n), then for n  0,

If 0 < x < 1 then this is (1). If x > 1, then this is (xn), that is, the entire sum is proportional to

the last element of the series.
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4. Quadratic Series: For n  0,

5. Linear-geometric Series: This arises in some algorithms based on trees and

recursion. Let x  1 be any constant, then for n  0,

As n becomes large, this is asymptotically dominated by the term (n − 1)x(n+1) / (x − 1)2. The

multiplicative term n − 1 is very nearly equal to n for large n, and, since x is a constant, we may

multiply this times the constant (x − 1)2 / x without changing the asymptotics. What remains is

(nxn).

6. Harmonic Series: This arises often in probabilistic analyses of algorithms. It does not

have an exact closed form solution, but it can be closely approximated. For n  0,

There are also a few tips to learn about solving summations.
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7. Summations with general bounds: When a summation does not start at the 1 or 0,

as most of the above formulas assume, you can just split it up into the difference of two

summations. For example, for 1 ≤ a ≤ b

8. Linearity of Summation: Constant factors and added terms can be split out to make

summations simpler.

Now the formulas can be to each summation individually.


